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HEAT TRANSFER IN ANNULAR PASSAGES. HYDRO-
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Abstract—A. complete analysis for the thermal problem in hydrodynamically fully developed flow is

presented. This includes evaluation of the four fundamental solutions in the thermal energy regions

by solution of the eigenvalue problem, including development of asymptotic expressions for the higher

eigenvalues. The analytical predictions are substantiated by their excellent agreement with careful

experimental measurements reported herein, This paper is the second in a series [1] culminating a four
year study of heat transfer in annular passages.

NOMENCLATURE Nu, Nusselt number, Nu = hDp/k;

a, constant in the similarity solutions, Pr, Prandtl number, Pr = cpu/k;

a = Ei/3 or E,/3; D, similarity parameter,
B, B = (r*2 — 1)/In r*; p = (F — r¥)/%3, or
Cn, constants in the eigenvalue prob- p = (1 — F/x13);

lem; q, heat rate Btu/h;
C‘;jf’, constants in the Leveque solu- q", heat flux Btu/h ft?;

tions; Re, Reynolds number,
Cps specific heat at constant pressure; Re = Uy pDypju;
Dy, hydraulic diameter, Ry(F), eigenfunction;

Dy = 2ro — 13); r, radius, radial co-ordinate;

E, E; = N[(B/r*) — 2r*]; F F == rlro;
Eo, E0=N(2‘—B); r*, r*:r{/ro;
f(p), functions in the similarity solu- T, absolute temperature, °R;

tions; t, temperature, °F;
G, H, arbitrary constants; U, velocity ;
g(), function in the WKBJ solutions; U, U= UlUn;
h, convection conductance ; w(F), weight function in the Sturm-
k, thermal conductivity; Liouville system,
M, M=1+r*—- B; w(F) = N(F — F® 4 BF In F);
N, N =12M(Q1 — r*)?; x, axial co-ordinate;
n, normal distance into fluid from Xo, axial co-ordinate at the

the wall; change in boundary conditions

(xo = 0 in the fundamental solu-
t Research Er_lginepr, Stanford Research Institute, tions);
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L. o A (] #) in the WKBJ
solutions;

s Ul ol VR e N

0¥ (F, ¥). non-dimensional temperature;

6%, 9, non-dimensional wall temperatures
in the fundamental solutions;

ah, non-dimensional mean tempera-
tures;

A, constant in the differential equa-
tion;

Ass eigenvalue;

s absolute viscosity:

£, axial co-ordinate in the super-
position problems;

&n, value of the axial co-ordinate at
which the ath discontinuity in wall
boundary conditions occurs:

N mass density;

, dummy variable;

7, shearing stress;

@, D4, non-dimensional heat fluxes in the
fundamental solutions;

b, phase shift in the WKBIJ solutions.

Subscripts

1, fully developed:

i inner wall;

k. iteration index:

m, mixed mean;

n, m, eigenvalue and summation indices:

0 outer wall;

0; 1,2,....,defined where used.

Superscripts
k), refers to the fundamental solution
of the kth kind;
’ denotes differentiation with respect
to the independent variable.

INTRODUCTION

1r THE flow of a fluid in a concentric annulus is
hydrodynamically fully established and the
fluid has constant properties, all heat-transfer
problems where the wall boundary conditions
are axially symmetric can be composed from four
special or fundamental boundary conditions as
discussed in [}

The fundamental solutions satisfying these
boundary conditions will be solutions of the
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equation for the temperature field. It the
flow is laminar and the effects of viscous genera-
tion of energy and axial conduction of heat are
neglected, this equation becomes

Teth U{Fyed
) ’]K" - = - ) A (i}
op= rFor AN

where

2Un

UG ="

(1 ".2 .

Laminar flow heat transfer for the cases which
represent the limiting forms of the annulus
(i.e. the circular tube and the parallel plane
channel} has received considerable attention.
Heat transfer to a fluid in laminar flow in a
circular tube with constant wall temperature is
the classical Graetz [2] problem. The original
work by Graetz and the extension of it by
Sellars, Tribus and Klein [3] comprise a rela-
tively complete solution corresponding to the
limiting geometry for the fundamental solution
of the third kind. Sellars ef al. also work out the
case where the heat flux at the wall is constant
by an inversion method. A direct solution
for the fundamental solution of the second kind
was obtained by Siegel, Sparrow and Haliman
[4]. The fundamental cases, onc and four, have
no counterpart for flow in a circular tube.

For laminar flow in a parallel plane channel,
all of the fundamental cases have significance
although they are symmetric (i.e. 8 - 84).
The complete solutions of all four kinds, in a
form consistent with that developed in {1}
are presented by McCuen [5].

Until recently the true annulus problem has
received much less attention. Jakob and Rees
[6] obtained the temperature distribution valid
as x tends to infinity for the fundamental
solution of the second kind. Murakawa [7]. [8]
has presented an integral equation formulation
for the solution of the first kind and a series
solution approach to the same problem including
the more difficult case where arbitrary peripheral
variations are allowed, but he does not present
numerical results. Recently Viskanta [9] has
presented complete thermal entry length solu-
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tions of the first and third kinds obtained with an
analog computer. }

This problem is considered in greater length
in [10] and [5], and the reader is referred there
for additional detail and tabulation.

SOLUTION OF THE EQUATION
The four fundamental boundary conditions
given in [1] can be made homogeneous by
subtraction of the fully developed solutions, i.e.
the solutions valid as X tends to infinity. If we
let]

0-;"’ = 0;") — O;k)/fd (3)

where 6%/y; is a solution to equation (1) as
X — o, the reduced solutions, §®, will satisfy
the followmg boundary condltlons

1. The first kind

6 (1,%) =0
- In7
== — — 4
o (r, 0) i C)
69 (1, %) = 0
v (1,%5)=0 ]
6 (r,0) = 27 L ®)
Inr
6m (r*, x) = 0. ]
2. The second kind
o0® 1
78r =0, atF = r*and 1, for all &, and
_ r*
2) (F —_ -
WEI=
] (1—-B) ,
X M~———~(1 oy [f — (72 — In 7) L ©
*)2
—_ + — r21 (r ;M
14+ Inr* (r¥)4
R
— {65 — 88z J

t After this paper had been prepared, the work of
Hatton and Quarmby [16] appeared in the International
Journal of Heat and Mass Transfer. They have con-
sidered the solutions of the second and the third kinds
when heating occurs at the inner wall only.

} The notation used here is described in [1].
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—a;_ = 0at7 = r¥and 1, for all ¥and
e (F 0) = _,7,;,,1,,_,_“
o (1 -+ r*) M(1 — r¥)
1—B 4 7
X(ﬁk_)( _1)_(r ) a
2
B * 2
—I—Erzlnr—(——) [(r*)* — BlInF
~ [02 — 62)ra. J
3. The third kind
0P (r*, %) = 0;
@9 (1, %) = 0and 69 (7, 0) = — ®)
o (1, %) = 0,
&® (r*, %) = Oand 69 (7,0) = — )
4. The fourth kind
D (r*, %) = 0,
g0 (1, %) =0,
_ r¥
@) (7 — 5
@ (7, 0) (e In7, (10)
dw(1,%) =0,
fo (r*, %) =0
and
04 (F, 0) = — L m(” (11)
o\ 20 —r® 7 \r*)

For small values of the axial co-ordinate %
the energy equation can be reduced by neg-
lecting the curvature of the velocity profile and
approximating it by a linear equation using the
wall slope of the actual velocity. This is the
Leveque [11] approximation and is justified by
the fact that very near the step change in boun-
dary conditions the temperature signal has
penetrated only a short distance into the fluid.

The reduced equations are

PO _ o O (12
=BG =1 (12)
and
%0 _ 2
=L (P — 1) 5 (13)
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when the non-zero boundary condition is applied
to the inner and the outer walls respectively.

For the fundamental solutions of the first
and third kinds, equations (12) and (13) can be
solved by seeking similarity solutions of the
F¥)/5Y3 or
From these solutlons one can

pﬁ_(: /\13

obtain
QE = 2:2396 (1 - r¥)

(Bfr*) -~ 2¢% Ju3
[18({ )';'*)2 M} (O (14
y 6r*
(1; )22396(1
(Bjr¥) — 2r% 113 _
[18(1 r*)zM’] o (15)
Oh = —2.2396 (1 - r¥*)
B2 v
[18(1“‘;**)2MJ X6
6
Y . ok
por — (1 . r*)22396(1 )
B2 1
[18(17‘*)2/&/{} ®ran
for k =1 or 3.

For the fundamental solutions of the second
and fourth kinds we will set 6 == 13 f(p). Where
p is as previously defined. There results

) -1/3
0-36925 [(B/n 2 ] 3 (18)

k)

ETL — )
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Table 1 summarizes the coefficients in equations
(14)-(19). The symbols used are as follows

k) —. (k) g—1.3
DF = CH 313,

g4 — Cj:} X3 forj==ioro k = 1and3

mj
and
H"" — C(M V1/3 fOI’]

The complete equation (1) can be solved by
separation of variables giving

=joro,k = 2and 4.

J,

S (0P — X AC

" »u

where R satisfies the Sturm-Liouville equation

o = @) R exp (A2 %) (20)

d2R® | dR®
ar o odr
PANI P4 BlnA) R —0. (21
The Ay, m —- 0, 1, 2,... comprise an infinite

set of eigenvalues for which R% will satisfy the
boundary conditions at 7 == r* and 1 as specified
for the reduced solutions of the kth kind.
The coefficients of the series in (20) are given
by
L w(f) 0% sq R dF

[ Ww(F) [R®]2 dF

(Cn)j-k' = (22)

where
W(F) = N(F — F* -+ BrIn F). (23)
Equation (21) was solved directly using the
iterative method of Berry and de Prima [12]

together with a numerical integration procedure
given by Hamming [13]. This method may be

g — 036925 [ B -2 ‘1/3)_(1,3 (19) summarized as follows.
(1 —r¥) | 18(1 — r* ¥ M If (A9, is the kth approximation to the desired
Table 1. Constants in the limiting (small X) approximations to the fundamental solutions
r* CA'“-‘” = C,;® C,,,‘” — éoom CWm — (",]Ltap C‘m“m Cpo® % — Ci;“' Gt = G,
0 w 1-076 0 6-460 0 0-7680
0-02 2-186 1-127 0-2572 6-630 0-3782 07337
0-05 1-795 1-138 0-5129 6-506 0-4605 0-7262
010 1-583 1-149 0-8636 6-270 0-5223 0-7193
0-20 1-427 1-164 1-427 5-822 0:5794 0-7101
040 1-319 1-185 2:261 5-082 0-6267 0-6973
0-60 1274 1-:203 2-867 4-511 0-6489 0-6874
0-80 1-249 1-218 3331 4-061 0-6620 0-6786
1-0 1233 1-233 3-700 3-700 0-6709 0-6709
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value, A2, and [Ru(7)]x is a solution to equation
(21) with A2 = (A2); such that (Rq)x satisfies the
requisite boundary condition only al 7 = r*;
and if
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The logarithmic term in the differential equa-
tion does not pose any fundamental difficulty
with this method, in fact w(#) need not be an
explicit algebraic form at all, so this method can

JL W) (Rp)i dF = 1 (24) readily be applied to these same problems in

then th t imation is given b turbulent flow.
et Qe nex al;f rox1m; 101n e il,v el y 25 The computation of these solutions has been
(s = (ke + [Re(D)e [R(D] (29) performed on the Burroughs 220 Electronic

This sequence of approximations converges
monotonically to A2. In (25) the plus () sign is
associated with the condition of zero derivative
desired at the outer wall (F = 1), and the minus
(—) sign with zero ordinate.

A value is assumed for either the slope or the
ordinate at 7 = r*, (whichever is not specified
as zero by the boundary condition) and equation
(21) integrated numerically. The outer wall
values are adjusted in accordance with (24), then
the value of A2 is corrected by (25) and the process
is repeated.

Digital Computer at the Stanford University
computation center. The nature of the computa-
tion is such that the values of the expansion
coefficients are obtained directly from (22) using
a simple numerical integration. The condition
(24) makes the denominator of (22) always
equal to unity.

The eigenvalues and the pertinent combina-
tionst of constants are given in Tables 2-5.

t The forms of these combinations are apparent from
equation (20) and the definition of &,(%),

Table 2. Functions in the fundamental solutions of the first kind

21 — r9) 21 — %) 201 — r¥) 21 — r*)
r n ) D™ G VR (*) (Ca)PR(1) (CadoRa () (Ca) ™ Ra'(1)
0-02 0 4748 22:54 —1022 +0-8076 —4025 +3179
1 1087 1182 —6392 —0-5494 +27:37 42353
2 16:99 228-8 —5:065 +04524 —22:55 +2:014
3 23-10 533-8 —4353 —0-3978 +19-82 +1:811
005 0 4939 24-39 —6697 +1-038 —2077 +3-221
1 1118 1250 —4-457 —0-7306 +14-62 +2:397
2 17-40 3030 —3-647 +0:6117 —1224 +2:053
3 23-62 5383 —3-200 —0-5437 41088 11848
01 0 5105 26:06 —5171 +1297 —1297 +3255
1 11-43 1307 —3-618 —0:9387 +9-389 +2-435
2 1775 3153 —3-029 +0-7956 —7-958 +2:090
3 2407 5794 —2:694 —0-7122 +7-124 +1:883
025 0 5323 2833 —5056 41829 —7317 +3:299
1 1175 1382 —3-008 —1:370 +5-480 +2:496
2 1819 3310 ~2:513 +1176 —4-703 +2:149
3 24:63 6066 —2315 —1:059 +4-237 +1-938
05 0 5445 29-65 —3-636 42465 —4931 +3-343
1 1193 142:3 —~2:770 —1-881 +3762 +2-554
2 1843 3396 —2:388 +1-622 —3.245 +2:204
3 24-93 621-6 —2-156 —1-465 +2:930 +1-990
10 0 5492 3016 —3432 +3432 —3:432 +3-432
1 1199 1438 —2:608 —2:608 42-608 +2-608
2 18:51 342:9 —2:277 +2:277 —2:277 +2277
3 2504 6273 —2:058 —2:058 +2058 +2:058
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Table 3. Functions in the fundamental solurions of the second kind

r* n (Ap)t™ (a5e (Cady BRA(r*)  (Ca)i ¥ Rakl)  (Ca)a ™ Ruir®)  (Ca)a PRt
0 I 7-166 51-35 0 0 +0-2017 -0-09936
2 12-95 1677 0 0 ~-0-08755 --0-03462
3 18-66 348-3 0 ¢ -+0-05297 - 001826
4 24-35 5930 0 0 —0-03664 --0-01150
001 1 7-507 56-35 —0-003473 -+0-001795 +0-1795 -0-09278
2 13-62 1855 -0-001789 -0-007589 —0-07589 —0-03219
0-02 1 7-538 56-83 —0-006653 +0-003501 +0-1750 - 009215
2 13-70 1878 —0-003341 —0-001461 -0-07305 -0-03192
3 19-80 3933 —0-002182 +0-0008562 +0-04280 -0-01679
4 25-89 6704 —0-001603 - 0-0005839 - 0-02901 —0-01055
0-035 1 7-557 57-11 - 0-01106 +0-005958 -+0-1702 --0:09171
0-05 1 7-562 57-18 - 0-01511 +0-008316 +0-1663 -0-09151
2 13-81 190-8 —0-007161 --0-003361 ~0-06723 —0-03156
3 20-01 400-5 -0-004472 +0-001924 -0-03848 -0-01656
4 2620 6865 —0-00314% - 0-001280 -0-02560 0-01040
0-075 1 7-559 57-14 ~0-02121 +0-01205 +0-1607 - 009139
01 1 7-550 57-00 ~0-02663 -+0-01650 +0-1560 --0-09139
2 13-88 1927 —-0-01172 -~0-006057 --0-06058 —0-03129
3 20-17 407-1 ~0-006969 +0-003376 +0-03379 - 0-01636
4 26-46 700-5 --0-004740 —0-002205 —0-02205 -0-01026

5 3275 1073-0 —0-003479 +0-001574 +0-01574 0007122

6 39-04 1524-0 —0-002687 ~0-001191 —-0-0119t - 0005278
0175 | 7-515 56-48 -0-03975 +0-02523 +0-1441 -0-09149
025 1 7-484 56-0t —0-04940 +0-03364 +0-1345 009143
2 13-95 194-7 —0-01914 - 0-01213 -0-04853 0-03076
3 20-39 4159 - (0-01061 +0-006510 +-0-02604 0-01597

4 26-82 7197 - 0-006890 —-0-004146 -0-01659 -0-009983
0375 1 7-445 55-43 --0-06095 1+0-04558 +01215 ~0-09084
05 1 7-420 55-06 —0-06966 +0-05552 +0-1110 —0-08981
2 13-98 195-6 —0-02421 —0-01899 —(-03799 —0-02980
3 20-51 4210 —0-01288 +0-009971 +0-01994 001543

4 27-0 731-0 —(-008178 -~ 0-006276 —0-01255 - 0-009633
0-7 1 7-399 54-75 —0-07652 +0-06841 +0-09775 --0-08739
1-0 1 7-391 5463 -0-08301 +0-08301 -+0-08301 - 0-08301
2 14-00 196-0 —0-02777 - 002777 —0-02777 —0-02777
3 20-56 4230 —0-01446 +-0-01446 +0-01446 0-01446

4 27-12 7355 —0-008670 —0-008670 - 0-008670 --0-008670
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Table 4. Functions in the fundamental solutions of the third and fourth kinds

2(1 —r*) 2(1 —r®
r* no (A)i® = (An), (2% (Cu)i PR (r*) (Cn)i®Ru(1)  (Ca)o™Rx'(r*)  (Ca)o W R2'(1)
002 0 1-529 2-536 -3177 —1-073 —53-50 —1-807
1 8:455 71-50 —7:590 +4-0-1080 +5-363 —0-07633
2 1470 2162 —5:527 -0-0563 —2-815 —0-02869
3 20-87 4356 —~4-608 +0-0378 +1-876 —0-01541
005 0 1-823 3:325 —17-11 —1-092 —21-85 —1-395
1 8:734 76:29 —5-173 +-0-1369 +2-739 —0-07252
2 15-08 227-6 —3932 —0:0734 —1-470 —0-02747
3 21-36 456-4 —3-361 +0-0501 +1-002 —0-01495
01 0 2-050 4203 —11-21 —1-112 —11-12 —1-104
1 8978 80-60 —4-126 4-0-1686 +1-686 —0-06894
2 1541 237-6 —3-239 —0-0925 —0-9249 —0-02646
3 21-78 474-5 —2-815 +0-0638 +0-6386 —0-01448
025 0 2:428 5-896 —6:989 —1-152 —4-609 —0-7599
1 9-310 86-69 —3-356 +0-2305 +0-9223 —0-06336
2 15-84 2510 ~2:727 —0-1303 —0-5213 —0-02490
3 22-32 498-4 ~2-407 +0-0909 +0-3639 —0-01375
05 0 2:766 7-650 —5:302 —1-194 —2:389 —0-5385
1 9-535 90-92 —3-045 +0-2976 +0-5953 —0-05818
2 1610 259-3 —2-518 —0-1717 —0-3435 —0-02343
3 22-64 512-6 —2:236 +0-1208 +0-2416 —0-01305
10 0 3117 9-721 —4-353 —1-248 —1-248 —0-3580
1 9-714 94-36 —2:854 -+0-3831 -+0-3932 —0-05145
2 16-26 2646 -2-387 —0-2263 —0-2264 —0-02146
3 22-81 520-3 —2:127 +0-1605 +0-1607 —0-01212

The values for the circular tube (r* = 0) are
from Lipkis [14] and Siegel, Sparrow, and
Hallman [4].1

The computation of the higher modes of
equation (21) becomes increasingly difficult due
to the fact that the eigenfunctions oscillate
(undergo a sign change) » times in the internal
r* < F < 1. To follow these oscillations, the
spacing in the finite difference net must be

t A direct comparison for r* = 0-5 can be made with
the values reported by Hatton and Quarmby [16]. They
used an iterative digital calculation similar to the ap-
proach presented here. Because of the method used to
define the dimensionless parameters, the eigenvalues
reported by Hatton and Quarmby must be multiplied by
a factor of two to be numerically consistent with the
present results. They give (retaining four figures)
(A3);® = 22-64 and (A,);® = 27-04. These values
coincide with those in Tables 3 and 4.

reduced. The adequacy of the numerical solution
is ultimately limited by the accumulation of
round off and truncation errors in the integra-
tion. Further, because of the number of boundary
conditions involved, the calculation by machine
of many eigenvalues and functions entails
considerable expense. Accordingly, we would
like to develop an asymptotic solution valid as
An becomes large. Following the method of
Sellars, Tribus and Klein [3], the so-called
WXKBJ solution to equation (20) can be obtained.
Let

R, = e9td (26)
and assume a solution of the form
gR)=2g + g+ A1g+. .. (27

Since A, is assumed to be large, only the first



r* n (/\n)LM) _ (/\")“13) (/\nz)
0 0 3-824 1462 0
1 9-445 89-21 0
2 15-09 227-8 0
3 20-74 4304 0
0-02 0 3957 15-66 -0-01274
] 9-947 9894 - 0-004716
2 15-97 2553 --0-002771}
3 22-02 4850 - 0-001916
0:05 0 3-931 15-45 -- 003051
1 9-991 99-82 - 0-01046
2 16-11 2597 - 0-005835
3 22:26 495-5 -0-003874
01 0 3-867 14-95 --0-05792
1 9994 9988 -0-01788
2 16:20 2627 - 0-009377
3 22-45 504-2 - 0-005966
025 0 3-680 13-54 - 0-1287
1 9936 98-74 1003154
2 16-30 2657 - 001491
3 22:69 515-1 --0-008924
05 0 3436 1181 - 02219
1 9-845 96:93 -0-04242
2 16-32 266-5 —0-01865
3 2281 520-6 0-01078
1-0 0 3117 9721 - 0-3580
1 9-714 94-36 - 0-05145
2 16-26 264-6 - 0-02146
3 22-81 520-3 0-01212
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Table S. Functions in the fundamental solutions of the third and fourth kinds

21 - p¥%)

(Cu)z”)Rn(r*) '((ﬁn)/H)Rn,“) ((ﬂn)ulmRn“'*) ACy).

- 0-02899
- 0-01500
-+4-0-01061
—0-008361

7 0-07165
--0-03573
+0:02463
—0-01901

+0-1410

-0-06684
+0-04467
-0-03377

+0-3400
-0-1433
+-0-09083
-0:06651

- 06535
-0:2400
4 0-1462
0-1050

- 1248

-0-3932
-0-2264
--0-1607

S 144y

+0-7504
0-5306

04180

~ 1433

07147
-0°4926
1-0-3803

1-410
+0-6685

0-4467
-0-3375

1360
+0-5734

0-3633
=0-2660

1-307
+0-4800

0-2924

0-2101

248
-0-3831
—0-2263
-0-1605

201

-+

4

1
i

r*)

[-851
1-660

3297
2-388
2032
1-824

RIRTSS
2-441
207y
1-867

3434

- 2:498

S 2028
- 1910

'

3594
2:605

S 2:213

1983

3-dk4

=~ 2710

i

P

12
L 00
3 Q0 L n
0 B

2291

2048

two terms of (27) are retained. By substituting
(26) and (27) into (20), the resulting equations
for g, and g; can be solved yielding the WKBJ
solution

Rn(f) =
Gycos {A [I. V[N(1- -7 4 BlnP)]dF- ¢}
T VAN P2+ BIn A

{28)
This solution must be patched to the regular
solution of (20) near the boundary walls.

If we again assume that very near the wall the
velocity profile can be expressed as a linear

equation, (20) can be reduced to two simpler

equations.
Near the inner wall we have
d?R, | dRy, .
B T R SRI S oF , -
dm2 X (e T Ay dy Ein Ry 1
(29
If A, is large, (29) becomes
2
d Rn (30)

,a,ﬁrz —{’— Ei n R11 0

which is a form of Bessel's equation. The solu-
tion to (30) is
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24/(E,
Ry =G0 J, 4 [ 4 Q 7}:x/zj,

3

24/(Es) 773,2]' G1)

+ H1 "11/2-7—1/3 [ 3

Near the outer wail, again assuming A to be
large, (20) becomes

d2R ‘
thwaZRn=o. (32)
Which has the solution
2+/(E,
Rn= Gy 02 J, [ \/:E o) 53/2]
Faens,, Ve oy

The patching of equations (28)—(31) and (33) can
be performed by appropriately linearizing the
expression for the velocity profile in (28) and by
noting that for large values of the argument the
Bessel functions appearing in (31) and (33) can
be expressed as cosine functions. This results
in demanding that

6o = v, [ (3) 2

and the following equations for the constants
Gy, Hy, Gy and H,;

(34)

G, cos (57/12) + H, cos (7/12) = cos ¢ (35)
G, sin (57/12) + H,sin (#/12) = sin ¢ (36)
G cos (57/12) 4- H, cos (7/12)
=r*¥cos(yrA—¢) (37)
Gy sin (57/12) 4- Hysin (w/12)
=r*sin (yA— ¢} (38)
where
y= {LA/[NQ — P+ BInfldr. (39)

To evaluate ¢, and hence equations (35)-(38),
the appropriate boundary conditions for each
of the fundamental cases must be applied.

The asymptotic forms of the eigenvalues, Ay,
are given by the following expressions:

(mw:m+%ﬁ (40)

503

(mm=m+U®§ (41)

(A)® =¥ =(n+ 1/2) 7; (42)

Values of y and =/y are given in Table 6.

Table 6. Constants in the asymptotic (iarge M)
solutions

r* Y aly
0-0 0-5553 5656
0-01 0-5221 6-016
0-02 0-5162 6-085
0-03 05122 6-132
0-04 0-5091 6:169
0-05 0-5067 6199
0-06 0-5046 6-225
0-07 0-5028 6-247
0-08 0-5012 6267
0-09 0-4998 6-284
0-10 0-4986 6-300
0-20 0-4907 6401
0-30 0-4867 6-454
040 0-4843 6485
0-50 0-4829 6-505
0-60 0-4820 6-517
0-70 0-4814 6525
0-80 04811 6529
1-:00 0-4809 6531

The expansion coefficients, Cp, can be ex-
pressed in terms of the wall values of R, and the
derivatives of R, with respect to 7 and A.

The asymptotic forms of the relevant combina-
tions of the expansion coefficients and the or-
dinates or derivatives at the boundary walls can
be constructed using the appropriate equations
for Ry. This construction is presented in detail in
[10].

The values given in Tables 2-5 permit a
determination of the adequacy of the asymptotic
expressions for the eigenvalues and the eigen-
constants. Equations (40)-(42) provide an
estimate of the eigenvalues which is within
1 per cent for all n > 4. The expressions for the
constants, however, provide some difficulty when
the radius ratio is small, particularly those
evaluated at the inner wall or where the non-zero
boundary condition is applied at the inner wall.
The origin of this difficulty can be seen from an



504

inspection of equation (29). If r* is small,
(note that 7 is also small), A, must be very large
to make equation (30) a reasonable approxima-
tion. For #*  0O-1, A4 1s not sufficiently large to
permit this approximation.

The asymptotic expressions for the series
constants have a consistent form such that the
absolute values of the terms can be expressed
as a constant factor (which is a function of
radius ratio, r*) multiplied by a power of the
eigenvalue, A,. For example

201 ) (G [eR ez |~ K(r¥) A,

(43)

where, for the various forms, K(+*) and .S depend
on the wall boundary conditions. Some of the
series constants alternate in sign and the appro-
priate algebraic signs of any terms can readily
be deduced from an inspection of the tabulated
values.

Because of the difficulty previously noted, the
form of the asymptotic expressions is used to
provide an estimate of the next succeeding eigen-
constants beyond those given in Tables 2-5.
Fig. 1 is a logarithmic plot of the absolute value
of the quantity 2(1 - #*) (C))® [@RM/eF].
as a function of A,. for r* == 0-02. Since the
constants for n = [, 2, and 3 lie on a nearly
straight line, an extrapolation line is constructed
to pass through the last two. The values of the
constants are taken as the ordinates on this line
at the values of A, given by the asymptotic
expression. Notice that an equation for the values
obtained in this manner will also have the form
K(r*) A, * although the values of K(r*) and S

r

re

Table 7. Asvmptotic values of the functions i

200 - r)(CLR ) 21 PG R
K K K S
WKBJ Graph WKBJ Graph
0 o 0
0-02 9930 20-2 0-490 1-008 1-513 0427
0-05 8-321 1162 0-408 1-481 1-805 0-378
01 7-448 9-17 0-392 2007 208 0-335
02 6-821 2756
0-25 6662 677 0:336 3-059 307 0-334
03 6-549 3337
0-4 6-389 3-830
05 6-281 628 0-334 4-269 4:29 0-334
0-6 6-201 4-667
0-7 6139 5-035
0-8 6090 5-380
1-0 6036 6036
S 13 13

R. E. LUNDBERG, P. A. McCUEN and W. C. REYNOLDS

o
o ~exirapolation
= —_ 4 line

o e o8

=X o
S
X o -Actual Values
= A -Extrapolated Volues‘
N
| 10 100
>‘n

Fic. L. Estimation of higher eigen-constants for small
radius ratios.

will, in general, differ from those resulting from
the asymptotic expressions.

The values of K(r*) and S obtained from the
graphical extrapolation scheme together with
the coefficients derived from the WKBJ solutions
are given in Tables 7-10. For any given combina-
tion of constants the exponent, S, in the WKBJ
forms is independent of r* and is given at the
bottom of the pertinent column in the tables.

For r* = 0-5, the eigen-constants predicted by
the WKBJ expression are within 5 per cent for
n == 4. For the cases where the non-zero boun-
dary condition is at the outer wall and the
expansion constants involve the ordinates or
derivatives of the eigenfunctions at the outer
wall, the WKBJ method gives good results
even for small r*. For all other cases, however,
the graphical extrapolation method should be
used. Eventually (i.e. for A, sufficiently large) the
WKBJ solution should become valid, and it is

n the fundamental solutions of the first hind

21 PR

21 rR)(C) RS
K S K S

WKBI Graph WKBJ Graph

@ 4-547 i
50-42 731 0-420 5-121 5-40 0348
29-61 378 0-396 5-270 5-43 0-340
2007 229 0-368 5-409 544 (334
§3-78 5-566

12:23 12:9 0:347 5-620 563 0334
1112 5-668

9-576 5742

8-538 8:58 0-334 5-802 5-85 0-334

7-779 5-854

7-193 5-899

6725 5940

6036 6036

13
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Table 8. Asymptotic values of the functions in the fundamental solutions of the second kind

505

r¥ (Cn)iRa(r¥) (Ca)iRa(1) (Ca)oRu(r*) (Ca)eRa(1)
K K S K K S K K S K K s
WKBJ Graph WKBJ Graph WKBJ Graph WKBJ Graph
0 0 0 el 2-138
002 1133 00714 1-162 02232 00677 1-462 11-16 3-020 1423 2-138 278 1-71
0-05 1403 02065 (280 03944 0-198 1-54 7-889 3-86 1-535 2216 272 1-70
01 1619 0533 1442 06011 0394 1-582 6011 3-94 1582 2:230 2:54 1-68
0-2 1-826 09040 4520 2:237
025 1-886 1-122 1-542 1027 0863 1622 4108 4-00 166 2236 2:51 1-68
03 1-933 1-138 3-794 2234
04 2001 1-335 3-337 2226
0-5 2:047 178 1-625 1-506 1-46 1-645 3-013 313 166 2216 2:45 1-68
0-6 2-081 1-659 2766 2:205
0-7 2-108 1799 2:570 2193
08 2-128 1-927 2-408 2-181
1-0 2:148 2:148 2-148 2:148
S 5/3 5/3 5/3 5/3
Table 9. Asymptrotic values of the functions in the fundamental solutions of the third kind
r* 2(1 — r*) (C )R (%) (Cu):Ru(1) (Cn)oRu(r*) 2(1 — r*) (Cu)oRu'(1)
K K S K K s K K S K S
WKBJ Graph WKBJ Graph WKBJ Graph WKBJ Graph
0 oo 0 © 4547
002 9930 12440 0520  0-6607 121 1-142 1703 438 0-758 5121 509 0-329
005 8321 1212 0428 09603 1480 1105 12:16 472 0-813 5270 5-26 0-333
010 7-448 98¢ 0406 1289 1773 1-080 9-360 491 0-859 5-409
020 6821 1-747 7129 5-566
0-25 6662 713 0350 1929  2-190 1-021 6512 5-33 0-960 5-620
03 6549 2:095 6-044 5-668
04 6-389 2-385 5359 5-742
05 6281 637 0338 2638 286 1012 4-875 460 0983 5-802
06 6201 2:864 4507 5-854
07 6139 3-070 4215 5-899
08 6090 3-260 3.975 5-940
10 6:036 3-601 3-601 6036
s 1/3 1 1 1/3
Table 10. Asymptotic values of the functions in the fundamental solutions of the fourth kind
r¥ (ChRa(r%) 2(1 — r¥) (Ca) R (1) 2(1 — r¥) (Ca)oRy'(1%) (Cn)oRn(D)
K K S K K S K K S K K S
WKBJ Graph WKBJ Graph WKBJ Graph WKBJ Graph
0 0 0 < 2-138
0-02 1133 00709 1170  0-3407 00825 0740  33-03 651 1117 2198 370 1-80
0-05 1403 02065 1282 06083 0221 0-788 19-20 276 1-082 2216 327 1-76
010 1619 0417 1359 09360 0458 0-836 1289 173 1-07 1:230 2:99 173
0-2 1-826 1-426 8736 2237
0-25 1-886 0976 14495  1-628 1-241 0939 7719 970 1-059 2236 2:63 1-69
03 1-933 1-813 6983 2234
04 2001 2144 5-963 2226
05 2:047 1820 1635 2437 230 0-986 5276 5-80 1017 2:216 2:52 1-68
06 2081 2:704 4.774 2205
07 2-108 2:950 4-386 2193
0-8 2128 3-180 4075 2-181
10 2148 3-601 3-601 2:148
s 5/3 1 1 5/3

2K
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used for the values of the eigen-constants which
lie to the right of the intersection of the two
lines in Fig. 1.1

The various fundamental solutions can now
be constructed using (20). From this and the
defining equations, the various non-dimensional
quantities specified in [1] can be evaluated as
functions of the axial position parameter, <.

The 6 can be evaluated directly from (20)
and we have, additionally, the relations

ATy
o = -1 - r¥) [('A‘i } (44)
- 1 -
gk
kY e ¥k _J
¢ 2(1 r*) [ i LH (45)
and
w_ 4 (" [r* @% L d*]dz 46
mj l ;;_‘;* Jo [r ij > ('j] X. ( )

These parameters are related to the con-
conventional Nusselt modulus by

o
o — oy

i J

Nup = (47)

The values of these quantities are presented in
Tables 11-18 and are plotted in Figs. 2-13.

1 It is interesting to compare the WKBJ approxima-
tions with the values presented by Hatton and Quarmby
[16] who obtained the first ten eigenvalues and constants.
For r* = 0-5 we have:

Hatton and Quarmby WKBJ
61-73 618
—1-592 [-58

()i
2L — r*)(Ce)i VR (%)

R. E. LUNDBERG, P. A. McCUEN and W. C. REYNOLDS

As is indicated by equation (20), the values of
interest at any axial station, ¥, are obtained by
adding or subtracting the series of the eigen-
functions to the fully established or terminal
values. In all the cases where © - 10 the
terminal values have (or very nearly have) been
obtained. As X diminishes, the series represents
a progressively greater part of the local value.
Since the series contains an exponential term.
e M7 the larger values of ¥ receive only the
contribution of the first few terms, which
are known very precisely from the machine
calculation. For values of ¥ - 0-01, however.
the higher terms (those beyond n — 3 or 4
in the present case) have begun to contribute.
These terms, obtained from the graphical method
and from the asymptotic (large A) solutions.
are known only to | or 2 per cent and, accord-
ingly, the level of confidence in the values of the
fundamental solutions diminishes with ¥,

Those quantities which start from zero at
£ — 0 and increase to their terminal values
somewhere downstream are particularly affected
by this uncertainty since. for small values of ¥,
the absolute values of these quantities are pro-
vided by the differences of nearly equal quantities
and the uncertainty in the series represents a
large fraction of the residual values.

Fortunately. the physical nature of the
problem provides some internal checks on the
accuracy. i.c. for small ¥, @ approaches @V,
#3 approaches 64, etc. From these considera-
tions it appears that the values of the series
used for the wall values at © 10 -t are within
-1 per cent of the actual or correct values. At

Table 11. The fundamental solutions of the first kind temperature step at the inner wall

rE i &, @, #,,m Nu,, 't Nig.,
002 0-0001 78-5 — 00011 786
0-001 50-87 - 0-00523 512 -
0-0025 43-77 —- 0-01070 44-20 -
0-005 39-28 — 001877 40-03 -
0-01 35-47 —0-00143 0:03332 36-70 0:0430
0-025 3120 ~0-06959 0-07048 33-57 0-9873
0-05 28-38 -0-2408 0-1129 3199 2132
o1 26-12 -0-4162 01514 30-78 2-747
025 25-08 —0-4981 0-1693 30-20 2941
o 2505 -0-5010 0-1699 30-18 2:947
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Table 11—continued
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r¥ x &y (Y D) B V) Nut NugiM
0-05 0-0001 52-0 — 0-0014 52-1 —
0001 30-44 —_ 0-0076 30-67 —
0-0025 25-19 — 0-01539 25-59 —
0-005 2203 — 0-02652 2263 —_
0-01 19-39 —0-00247 0-04606 20-33 0-0536
0-025 16-52 —0-1018 0-09426 18-24 1-080
0-05 14-67 —0-3290 0-1468 1719 2:241
01 1326 —0-5437 0:1914 16-40 2:840
0-25 12:70 —0-6319 0-2096 1606 3-014
0 12-68 —0-6342 02100 16-05 3-018
01 0-0001 40-4 —_— 0-0022 40-4 —
0-001 21-95 — 0-0110 22-19 —
0-0025 17-62 —_ 0-0215 1801 —
0-005 1504 — 0-0362 15-60 —_
001 12918 —0-00303 0-0613 13-76 0-0641
0-025 10-651 —0-1409 01212 12:12 1-162
0-05 9-227 —0-4306 0-1838 11-30 2:342
01 8-198 —0-6860 0-2338 10-70 2933
0-25 7-824 —0-7798 0-2521 10-46 3-092
3} 7-817 —0-7817 0-2525 10-45 3-095
0-25 0-0001 319 — 0-0038 321 —
0-001 15-84 —_ 0-0183 16-1 —_
0-0025 12-14 — 0-0346 12-57 —
0-005 9978 — 0-0564 10-57 —_—
0-01 8238 —0-00763 0-0923 9-075 0-0827
0-025 6-421 —0-2242 0-1735 7-769 1-292
0-05 5314 —0-6398 0-2533 7-118 2-525
01 4-566 —0-9744 0-3123 6-640 3-120
025 4-331 —1-080 0-3309 6473 3-265
e} 4-328 —1-082 0-3312 6471 3267
05 0-0001 283 — 0-0058 28-5 _—
0-001 13-34 — 0-0266 13-70 —_
0-0025 9916 — 0-0492 10-43 —_—
0-005 7-930 —_— 0-0784 8:605 —
0-01 6-340 —0-0116 0-1251 7-247 00928
0025 4-697 —0-3212 0-2267 6074 1-417
005 3713 —{-8845 0-3225 5-481 2742
01 3072 —0-1315 0-3901 5-038 3-372
025 2-887 —0-1441 0-4097 4-892 3-517
[e'e] 2-885 —0-1442 0-4099 4-890 3-518
1-0 0-00025 191 — 0-0145 19-4 —_—
0-0025 8-64 —_ 00660 9-25 —
0-01 5-242 —0:0170 0-1624 6-259 0-105
0-025 3-687 —0-4571 0-2858 5-163 1-599
0-05 2-761 —1-242 0-3992 4-597 3111
0075 2:357 —1-642 0-4526 4-306 3-629
0-10 2-168 —1-831 0-4777 4-151 3-834
0-250 2001 —1-998 0-4997 4-001 3-998
'] 2-000 —2-000 0-5000 4-000 4000
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* ke @, m
0-02 0-0001 230
0-001 9961
0-0025 6-996
0-005 5270
0-01 3-880
0-025 2:434
0-05 1537
0-1 8-346
0-25 5123
b 5-010
0-05 0-0001 233
0-001 10-1
0-0025 7-103
0-005 5-355
001 3951
0-025 2:491
0-05 1-590
01 09151
025 0-6414
7. 0-6342
01 0-0001 236
0-001 10-27
0-0025 7-227
0-005 5461
0-01 4-044
0-025 2-571
0-05 1-669
01 1-021
0-25 0:7865
o 0-7817
025 0-:0001 2441
0-001 10-61
0-0025 7514
0-005 5717
0-01 4-277
0-025 2786
0-05 1-884
0-1 1-276
0-25 1-084
o 1-082
05 0-0001 250
0-001 11-08
0-0025 7-919
0-005 6-086
0-01 4-621
0-025 3-108
0-05 2-203
0-01 1-615
0-25 1-444
w 1-442

—0-146

--3-545
1208
2082

~-2490

-25-05

-4-306
- 6:859
- 7779

7-817

- 09292
—0-8961

3.897
4321
~ 4328

—0:0232
—0:6424

0-015

't

0-062
0-110
0169
0-2566
0-4324
0-6053
0-7573
0-8275
0-8300

0-014

0-060

0108

0-1669
0-2525
0-4261
0-5933
0-7319
0-7884
0-7899

0-013
0-058
0-104
0-161
0-2453
0-4148
0-5148
0-7005
0-7465
0-7474

0-01176
0-053
0-095
0144
0-225
0-3827
0-5283
0-6347
0-6683
0-6688

0-0098
0-045
0-082
0-128
0-198
0-3407
04714
0-5631
0-5897
0-5900

Table 12. The fundamental solutions of the first kind temperature step at the outer wall

233

10-6
7-862
6-341
5:220
4-288
3-895
3-429
2971
2947

230

10-8
7962
6420
5-286
4-341
3910
3413
3-031
3018

239

10-9
8-070
6-508
5-358
4-394
3927
3413
3102
3095

24-4
11-20
{-300
6-6Y%
5517
4513
3995
3493
3270
3267

252

116
8-627
6978
5-760
4716
4-169
3-696
3-521
3518

Nu,,'"

0-467

8199
19-69
27-50
30-09
3018

0-166

4-763
11-08
14-85
1603
16-05

0-154
3-394
7-490
4791
10-44
10-45

01301
2-341
4-843
6140
466
6471

0117
1-835
3752
4-672
4888
4890
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0
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r*oo2
¥ *0:085
10 . -
02 10 7 %00l
¥ #0025
r*o5
7 %= 1.0
|
1ot i
7 X/Dy
RePr
F1G. 2. Inner wall heat flux functions for the fundamental solutions of the first kind.,
i0*
——— LIMTING VALUE 10" L
10 0% 1o
107 107 y-x—flf 2

“RePr

Fi1G. 3. Outer wall heat fluxes for the fundamental solutions of the first kind.
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r¥=0-02

<
2
~<[
- O
s
1
1073
103 10° 10"
7 X/D,
Refr

FiG. 4. Induced heat fluxes for the fundamental solutions of the first kind
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T ] r%=0.02

r #05
r*=1.0

%05
7 *=0:25

r*%Q-i
r*=0:03%
r*=0.02

<)

[ef,‘2’~ 6,,,,52)] AND [90

{)
eml
i0® ! !
103 10? 10* i
7.0
RePr
Fig. 5. Mean temperatures for the fundamental solutions of the first kind.
1
I I
r%*=0:02
@, @
° [eoo “Sme
£
o F_-*“"'—LIM!TING VALUE B
Y %0
“ £*=0:0
" \\\ r*=0.02
(:/’/.,— \\\
[0/ omf"]
10 | !
0% 103 o7t o
X/
x RepPr

FiG. 6. Wall temperature differences for the fundamental solutions of the second kind.



R. E. LUNDBERG, P. A. McCUEN and W, C. REYNQLDS

Table 13. The Jundumental solutions of the second kind inner wall heated

512
P % [0 ~ 8,,™]

002 0-0001 0:0109
0-001 00182

0-0025 0-02145

0-005 0-02389

0010 002625

0025 002893

005 003018

010 003055

025 0-03057

5 0-03057
0-05 0-0001 0-0172
0-0010 00301

0-0025 003626

0-0050 0-04132

0-0100 0:04646

0025 0-05246

0:050 005527

010 0-05609

025 005614

,. 0-05614
010 0-0001 00207
00010 0:0399

0:0025 0-04999

0-0050 0-05842

0-010 0-06710

0-025 0-07749

0-05 008245

010 0-08390

025 008399

; 0-08399
025 00001 0-0253
00010 00530

0-0025 0-06887

0-0050 008280

0:010 009779

0025 011662

005 012596

0-10 0-12879

0-25 012897

. 012897
005 0-0001 00289
0:0010 00611
0-0025 0-0809
0-0050 0-0987
0-010 0-1185
0-025 01442
005 01574
010 0-1615
025 01617
= 01617

A

00,7843
--0-0,1960
- 0-0,3921
00,7843
- 0-001726

0-002354
- 0-002547
- 0-002558
- 0-002558

—0-0,1904
--0-0,1904
00,4761
00,9523
- 0-001899

0-004166

-0-005652
—0-006101
—0-006128
—0-006128

- 0:0,3636
~0-0,3636
— 00,9090
--0-001818
—0-003624
~0-007918
0-01071
0-01156
0-01162
< 001162

0-0,8000

00,8000
—0-002000
- 0-003966
- 0-007936
001731
002347
- 0-02539
--0-02552
- 002552

00,1333
~0-0,1333
-0-0,3333
—0-0, 6666
—001328
002888
- 0-03922
-0-04253
- 004275
--0-04275

~0-0;7843

’l leh‘z;

0-0,7843
00,1960
00,3921
0-0,7843
0-001960
0003921
0-007843
0-01960

7

00,1904
00,1904
00,4761
0-0,9523
0-001904
0-004761
0009523
0-01904

0-04761

.

0-0,3636
0-0,3636
0-0,9090
0-001818
0-003636
0-009090
0-01818
0-03636
0-09090

2

0-0,800
00,800
0-00200
0-00400
0-00800
0-02000
0-04000
0-08000
0-2000

s

0-0,1333
0-0,1333
0-0,3333
00,6666
0-013333
0-033333
0-066667
0-13333

0-33333

x©

0-0,7843

Nig, =

919

54-8

16-63
41-86
3809
34-55
312
3272
32:70
32-70

580

332

27-58
24-20
21-52
19-06
18-09
17:82
17-81
17-81

48-3

251

2001
17-12
14-90
12:90
12:12
11-91
11-90
11-90

346

6931
6353
6192
6-181
6-181



HEAT TRANSFER IN ANNULAR PASSAGES

Table 13——continued

513

T £ {8049 — 05,A9] [604'® — 8D} Gmit? Nug™
10 0-00025 00425 ~0-0005 0-0005 235
0-0025 0-893 —0-005 0-005 112
001 01335 001992 ¢02 7-489
0025 0-1643 — 004330 005 6-085
0-05 0-1803 — Q05888 01 5:546
0-075 0-1843 —0-06290 015 5424
025 0-1857 — 006428 05 5-384
o 01857 ~0-06428 0 5-384
i
] ]
r*a0nf
7%= 0285 7%= 002
- &) 2y
10" ‘Ee!a “Ono
I'd ez “O
r*=0%
r%=0-25
- r*04
r*=0-05
r #*= ()2
Fig. 7. Induced temperature
differences for the fundamental
@, ® solutions of the second kind.
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00,3921

B!

0-003921
0-009803
0-01907
0-03921
0-09803
0-1960
0-3921
0-9803

o

0-0,3809
0-003809
0-009523
001904
0-03809
0-09523
0-1904
0-3809
09523

Irg

0-0,3636
0-0,9090
0-001818
0-003636
0-009090
0-01818
0-03636
0-09090
0-1818
0-3636
0-9090

gal

0-0,3200
0-003200
0-008000
0-01600
0-03200
0-08000
0-1600
0-3200
0-8000

A

00,2666
0-002666
0-006666
0-01333
0-02666
0-06666
0-1333
0-2666
0-6666

514
Table 14. The fundamental solutions of the second kind outer wall heated
X < [9“"(2) _ gmugm] [gmm . 0"W:z)l
0-02 0-0001 0-0341 --0:0,43921
0-001 0-07560 —0-003921
0-0025 0-1022 --0-008903
0-005 01266 0-01907
0-010 0-1538 ~0-03909
0-025 0-1886 - 0-08632
0-05 0-2058 - 01177
010 0-2109 -0-1273
025 02112 01279
o 02112 -0-1279
0-05 0-0001 0-0337 --0-0,3809
0-0010 0-0748 - 0003809
0-0025 0-1011 --0-009523
0-005 0-1252 0-01903
0-010 0-1520 —0-03798
0-025 0-1865 --0-08332
0-050 0-2034 --0-1130
0-10 0-2083 —0-1220
025 0-2086 —-0-1225
e 0-2086 - 0-1225
01 0-0001 0-0334 —0-0,3636
0-00025 0-0461 -0:039090
0-0005 0-0586 —0-001818
0-001 0-07406 --0-003636
0-0025 0-09991 —0-009090
0-005 0-1237 —0-01817
0-010 0-1503 -0-03624
0-025 01846 --0-07918
0-05 0-2015 -—-0-1071
0-10 0-2065 ~-0-1156
0-25 0-2068 - 0-1162
2 0-2068 -0-1162
025 0-0001 0-0331 —0-053200
00010 0-07248 --0-003200
0-0025 0-09760 —0-008000
0-0050 0-1208 —0-016000
0-010 01470 —0-03188
0-025 0-1811 —0-06940
0-050 0-1983 --0-09404
010 02035 —0-1017
0-25 0-2038 —0-1022
7z 0-2038 -0-1023
05 0-0001 0-0325 —0-052666
0001 0-07039 —0-002666
0-0025 0:09457 —0-006666
0-005 01170 —0-01333
0010 0-1423 —0-02656
0-025 0-1756 —0-05676
0-05 0-1928 -0-07844
0-10 0-1981 --0-08506
0-25 0-1985 —0-08551
o 0-1985 —0-08551

[ed]

7-898
6-501
§-299
4-857
4741
4-734
4734

29-7

13-4
9-895
7-991
6-577
5-361
4915
4-798
4791
4791

299
219
17-1
13-50
10-1
8-:083
6-651
5416
4-960
4-841
4-834
4-834

30-2

13-80

10-25
8:275
6-802
5-521
5-042
4912
4-904
4-904

30-8

1421

10-57
8-547
7-026
5-693
5-186
5-045
5-036
5-036
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FiG. 8. Heat fluxes for the fundamental solutions of the third kind.
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FiG. 9. Induced temperatures for the fundamental solutions of the third kind.
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Table 15. The fundamental solutions of the third kind temperature step at the inner wall

516
r* % o, ®
0-02 0-0001 78-0
0-001 50-71
0-0025 43-62
0-005 3919
0-01 3539
0-025 3112
0-05 28-20
01 2466
0-25 16-85
n 0-0
0-05 0-0001 515
0-001 30-30
0-0025 25-16
0-005 22-03
0-01 19-40
0-025 16:52
0-05 14-60
01 12-27
0-25 7-451
7 0-0
01 0-0001 40-4
0-001 21-94
0-025 17-61
0-005 15-04
0-01 12:920
0-025 10-652
0-05 9-160
01 7-365
0-25 3-920
% 00
0-25 0-0001 319
0-001 15-82
0-0025 12-13
0-005 9976
0-01 8-238
0-025 6420
0-05 5-248
01 3-876
0-25 1-600
0 0-0
0-5 0-0001 282
0-001 13-32
0-0025 9-909
0-005 7-929
0-01 6-3407
0-025 4-6968
0-05 3-6492
01 2-4675
0-25 0-7830
© 0-0

t}»z (3

Oi '
0-001
0-0052
0-0105
0-0186
0-0331
0-0739
0-1340
0-2374
0-4787
1-0000

0-0012
0-0072
0-0149
0-0261
0-0456
0-0962
0-1698
0-2972
0-5732
1-0000

0-0021
0-0109
0-0214
00361
0-0612
0-1244
0-2136
0-3629
0-6609
1-0000

0-0038
0-0183
0-0346
0-0564
0-0923
0-1781
0-2934
0-4741
0-7828
1-0000

0-0057
0-0265
0-0490
0-0782
01250
0:2322
0-3692
0-5700
0-8635
1-0000

Nug,;

784

512

44-28
40-12
36-77
33-69
32-57
32:34
32:33
32-33

S1-5

30-5

25-55
22-62
20-33
18-28
17-59
17-46
17-46
17-46

40-4

222

18-00
15-60
13-76
12:16
1164
1156
11-56
11:56

32:0
16-11
12-56
1047
9-075
7-812
7428
7-371
7-370
7-370

284

13-68

10-42
8-602
7-246
6:117
5-785
5-738
5-738
5-738
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Table 15—continued

r¥ ¥ &8 Boi(s} Gmi“) Nuy®
1-00 0-0025 8-64 —_ 0-0660 9-25
0-01 5242 0-00119 0-1625 6259
0-025 3-6868 0-05685 0-2919 5206
0-05 2:7028 0-2356 0-4486 4-902
0-075 2-1021 0-3981 0-5680 4-866
0-25 0-3830 0-8901 0-9211 4-860
o 00 1-0000 1-0000 4-860
i
1
emoﬁ) \
(>
10"

{3)

AND Gy

(3}
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1072 1072 1ot
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FiG. 10. Mean temperatures for the fundamental solutions of the third kind.
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Table 16. The fundamental solutions of the third kind temperature step at the outer wall
r¥ ¥ 07” 3 (Dn,,'3’ (.;m“nm Nll,,,, 31
0-02 0-0001 — 232 0-013 23-5
0-001 — 10-1 0-061 10-8
0-0025 — 7-049 0-109 7914
0-005 — 5-280 0-16 6-350
0-01 0-00118 3-881 0-2562 5-217
0-025 0-08227 2:434 04336 4-298
0-05 0-3427 1-524 06219 4-031
01 0-6972 0-6889 0-8275 3-994
025 09710 0-06575 09835 3993
e 1-0 0-0 10000 3993
005 0-0001 — 234 0-013 237
0-001 — 10-20 0-060 10-9
0-0025 — 7-139 0-108 8-000
0-005 — 5-362 0-166 6428
0-01 0-00140 3-951 0-2525 5286
0-025 0-08435 2:491 0-4285 4359
0-05 0-3431 1-570 0-6163 4093
01 0-6944 0-7176 0-8231 4057
025 0-9699 0-07066 09825 4056
va 1-0000 0-0 1-0000 4-056
01 0-0001 — 237 0-013 240
0-001 — 10-33 0-058 11-00
0-0025 - 7-251 0-104 8-095
0-005 — 5-465 0161 6-513
0-01 0-00153 4-044 0-2453 5-359
0-025 0-0840 2-571 0-4180 4418
0-05 0-3369 1-642 0-6041 4:149
01 0-6840 0-7696 0-8129 4114
0-25 0-9664 0-08162 0-9801 4113
“© 1-0000 00 1-0000 4113
0-25 0-0001 — 242 0-012 245
0-001 — 10-6 0-053 12
0-0025 — 7-524 0-095 8311
0-005 — 5718 0-147 6-700
0-01 0-00159 4-277 0-2248 5-517
0-025 0-0785 2785 0-3873 4-547
0-05 03129 1-845 0-5678 4-269
01 0-6488 0-9280 0-7807 4232
0-25 0-9539 0-1217 09712 4232
P 1-0000 00 1-0000 4-232
05 0-0001 — 249 0-010 251
0-001 — 11-1 0-045 11-6
0-0025 — 7920 0-082 8-629
0-005 — 6-086 0-128 6-980
0-01 0-001467 4-621 0-198 5-761
0-025 0-0693 3108 03466 4757
0-05 0-2796 2-153 0-5180 4-468
01 0-5988 1-181 0-7333 4-429
0-025 09317 0-2008 0-9546 4-429
oo 1-0000 0-0 1-0000 4-429



Table 17. The fundamental solutions of the fourth kind inner wall heated
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P % 9;;0 P, W O ® Nug; @ Nuto; ©
0-02 0-0001 0-0103 — 0-0,7848 973 —
0-001 0-0181 — 0-0,7843 554 —_
0-0025 0-02159 — 00,1960 4675 —
0-005 0-02427 — 00,3921 41-88 —
0-01 0-02703 ~0:0,238 0-0,7843 38-09 0-0302
0-025 0-03090 —0-001645 0-001926 34-51 0-8541
0-05 0-03406 —0-006855 0-003470 32:69 1-975
01 0-03725 —0-01394 0-005268 3126 2-646
0-25 0-03966 —0-01942 0-006640 3028 2:924
s 0-03991 —0-02000 0-006785 30-18 2:947
0-05 0-0001 0-0160 — 0-0,1904 624 —
0-001 0-0298 — 0-0,1904 338 —
0-0025 0-03658 — 0-0,4761 2770 —
0-005 0-04253 — 0-0,9523 2421 —
0-01 0-04837 —0-0,696 0-001904 21-52 0-0365
025 0-05722 —0-004218 0-004671 19-02 0-9028
0-05 0-06467 —0-01715 0-008415 1777 2:038
01 0-07232 —0-03472 0-01279 1679 2713
025 0-07819 —0-04849 0-01619 16112 2:995
© 0-07883 —0:05000 0-01656 16:05 3018
01 0-0001 0-0195 —_ 0-0,3636 51-5 —
0-001 0-0399 — 0-0,3636 253 —
0-0025 0-05083 — 0-0,9090 2003 —
0-005 0-06023 — 0-001818 17-12 —
0-01 0-07074 —00,152 0-003636 14-90 0-0418
0-025 0-08658 —0-008401 0-008916 12-87 0-9422
0-05 0-1003 —0-03368 0-01609 11-86 2:093
01 0-1149 —0-06840 0-02462 11-07 2777
025 0-1265 —0-09664 0-03149 10-52 3-069
s 0-1279 —0-10000 0-03230 10-45 3.095
0-25 0-0001 0-0247 — 0-0,8000 40-6 —
0-001 0-0535 — 0-0,8000 19-0 —
0-0025 0-07081 — 0-002000 14-53 —
0-005 0-08679 — 0-004000 12-08 —
0-01 0-1058 —0:0,397 0-007998 10225 0-0497
0-025 0-1366 —0-01961 0-01963 8-548 0-9989
0-05 0-1654 —0-07824 0-03572 7-709 2-189
01 0-1978 —~0-1622 0-05780 7-040 2:908
025 0-2266 —0-2384 0-07380 6540 3231
o 0-2310 —0-2500 0-07652 6471 3267
05 0-0001 0-0289 — 00,1333 349 —
0-001 0-0623 — 0-001333 16-41 —
0-0025 0-0842 — 0-003333 12-38 —
0-005 0-1054 — 0-006666 10-13 —
0-01 0-1319 —0-0,729 0-01333 8437 0-0545
0-025 0-1776 —0-03466 0-03285 6-908 1055
0-05 0-2232 —0-1398 0-06040 6139 2315
01 0-2784 —0-2994 0-09680 5-505 3-093
0-25 0-3349 —04658 0-1343 4.985 3466
a0 0-3465 —0-5000 0-1420 4-890 3518
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Table 17—continued

¥ x 8;;(1) Py (4) i) Nuy (2 Nuot

1-0 0-00025 0-0430 — 0:0005 23-5
0-0025 0-0943 —_— 0-0050 11-2 -
0-01 01535 —0-001202 0-02000 7-489 0-0601
0-025 02143 —0-05684 0-04934 6-061 1-152
0-05 0-2793 —0-2356 0-09211 5-341 2:557
0-075 0-3272 —0-3981 0-1261 4-971 3-156
0-25 0-4684 -—0-8901 02274 4-147 3914

e 0-5000 --1-0000 0-2500 4-000 4-000

1073 1072 107!

- XD
Xe= RePr
Fic. 11. Wall temperatures for the fundamental solutions of the fourth kind.
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Table 18. The fundamental solutions of the fourth kind outer wall heated

521

2L

* % 0,5 P, By @ Nitgo® Nitzo @
0-02 0-0001 0-0375 — 00,3921 332 —
0-001 0-08053 — 0-003921 14-37 —
00025 0-1123 — 0-009803 10-47 —
0-005 0-1463 — 0-01907 8:357 —
001 0-1930 — 0-03921 6-808 —
0-025 0-2867 —0-663 0-09803 5-489 6-34
05 04017 —3-013 0-1960 4937 15-12
0-1 05934 —8:482 0-3726 4-529 22-76
0-25 1-0373 —21-617 0-7789 3-871 2775
0 1-9959 —50-000 1-656 2:947 3018
005 0-0001 0-0366 — 0-0,3809 272 -—
0-001 0-0794 — 0-003809 13-1 —
0-0025 0-1108 — 0-009523 9-817 —
0-005 0-1442 — 0-01904 7-950 —
0-01 0-1901 — 0-03750 6:552 —
0-025 0-2817 —~0-286 0-09438 5:337 3-03
0-05 0-3934 —1-549 0-1854 4-807 8:355
01 0-5760 —4-326 0-3477 4-379 12-44
0-25 0-9691 —10482 0-7003 3720 14-96
© 1:5767 —20-000 1-2455 3-018 16-05
01 0-0001 00355 — 00,3636 28-3 —
0-001 00782 — 0-003636 13-4 —
0-0025 0-1091 — 0-009050 9-984 —
0-005 0-1419 — 0-01818 8074 —
001 0-1867 — 0-03625 6-646 —
0-025 0-2755 —0-2029 0-05040 5-401 2:244
0-05 0-3827 —1-010 0-1760 4-835 5-738
01 0-5536 —2-690 0-3237 4-349 8-309
0-25 0-8930 —6-108 0-6195 3-656 9-860
o 1:2792 —10-000 0-9561 3111 10-45
0-25 0-0001 0-0336 — 00,3200 300 —
0-001 0-0758 — 0-003200 13-8 —
0-0025 0-1056 — 0-008000 10-24 —
0-005 0-1369 — 0-01600 827 —
0-01 0-1790 — 0-03198 6-301 —
0-025 0-2611 —0-1269 0-07941 5-504 1-598
0-05 0-3574 —0-5796 01525 4-879 3-800
01 0-5027 ~—1-444 02713 4-320 5-322
025 0-7501 —2-944 0-4749 3-632 6-200
© 0-9242 —4-000 06181 3-267 6-471
05 0-0001 00322 — 00,2666 312 —
0-001 0-0729 — 0-002666 142 —
0-0025 01012 — 0-006666 10-56 —
0-005 0-1303 — 001333 8:539 —
0-01 0-1689 — 0-02654 7-020 —
0-025 02423 —0-0869 0-06588 5-667 1-320
0-05 0-3251 —0-3761 0-1249 4995 3-:010
01 0-4425 —0-8881 0-2151 4-398 4127
0-25 0-6136 —1-647 0-3474 3-757 4740
© 0-6931 —2:000 0-4089 3-518 4-890




R. E. LUNDBERG, P. A. McCUEN and W. C. REYNOLDS

W0
b
107
rxs 002
’i 1072
N {4) B
>
A =9,
Z
S
3
<
107 B
10° 107 1o !
fgx/ag
RePr
Fic.

12. Tnduced heat fluxes for the fundamental solutions of the fourth kind.
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Fic. 13. Mean temperatures for the fundamental solutions of the fourth kind.
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this value of ¥, @ and P are reliable to +1
per cent, and 6% and 69 are (because they have
diminished in absolute value) reliable to 45
per cent.

The opposite wall values [e.g. 2] diminish
rather rapidly and in all the cases for ¥ _ 0:01
they are substantially zero (less than 0-1 per cent
of terminal value).

For very small values of % the Leveque
approximations provide a good estimate for the
applicable quantities. For all cases where
the non-zero boundary condition is at the outer
wall, and for the inner wall heated cases with
r* 2= 0-5, the Leveque solution agrees well with
the computation at ¥ == 10, For small values
of r*, when the heating is at the inner wall it
appears that the approximate solution will not

R. E. LUNDBERG, P. A. McCUEN and W. C. REYNOLDS

become valid until ¥ is very small. For #* = 0:02,
10 -® seems to be required, but for r* "2 0-05,

. 10 * appears adequate.

This difficulty arises from the neglect of the

curvature term in equation (1). For small values

of r* the depth of penetration of the temperature

signal must be very small before this is justified.

PR

COMPARISON WITH EXPERIMENT

The apparatus described in [I] was used to
obtain the fundamental solutions of the second
kind experimentally. The measured values of
f2-0 and 02~ are given in Figs. 14 and 15
together with the theoretical values.

The values of r* that were used for the inner
wall heated experiments are 0-192, 0-256.
0-375. and 0-5. Since the axial position parameter

syMeol r* [ Re |

o lo5 975
05 |1125
0.375 | 1050

« 0371320

o |0-286| 940

s 025 | 1100 |

b |0-192 | 850

N {o-usa 1400

ng(Dﬁ

RePr

FiG. 14. Comparison of analysis and experiments with the inner wall heated (second kind).
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Fic. 15. Comparison of analysis and experiments with the outer wall heated (second kind).

contains the Reynolds number, a range of values
of &% can be generated with fixed axial positions
of the thermocouples, Using the method
described by Kline and McClintock [15], an

nneartainty ane]vmc haenﬂ on 20 to 1 nr]Ac was
\lu\«\akmll&&.}' Lz

performed. On this basis, it is felt that the data
for heating at the inner wall bave a probable
uncertainty of -5 per cent.

All of the data are within this interval of the
theoretical value and most of the points are con-
siderably better. The tendency of the data to

lie somewhat low at the first station (small JE)
enifhriont TnvAa-nA

o1y
an msyimncient iy LVU]IX“IALIU

entry length or to axial conduction in the tube
wall.

When the outer wall is heated, the variation
of the fundamental solutions with r* is much less

may he dAnas tn on
may o¢ 4ul o

pronounced. Accordingly, since the heat loss
through the insulation in laminar flow was a
significant fraction of the heat input, only the
smaller outer tube (1-0 in 1.d.) was run in this

condition,
A VLI S ESAVISE

The results are shown in Fig. 15 for r* = 0-376.
The probable uncertainty in this data is -+7-3
per cent. Again all of the data lie well within
this interval. It should be pointed out that the
data for the outer wall heated do not really
represent a constant heat flux situation; but
because of the dependence of the heat leakage

ha fnha wall &

on norndnre the hand oy
O 8 tuol Wwaun UA

Wi pPvidiiiv,  Wiw leﬂrb i1

declines about 10 per cent over the range of axial
stations at which #2-62 was evaluated. The
general good agreement of the data with the
theory suggests thatif the axial heat flux
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variation is not too severe the local wall-to-mean
temperature difference can be estimated from the
constant flux solution without serious error.

EXAMPLES OF SUPERPOSITION OF THE
FUNDAMENTAL SOLUTIONS
The fundamental solutions are particularly
convenient for rapid calculations involving
superposition of the clementary boundary
conditions. To i}lustrate this computation let us
consider some specific examples.

t. Heat flux specified on one wall, temperature on
the other

Assume that the heat flux on the inner wall
is as shown in Fig. 16, while the outer wall is
held at 212°F. The fluid is air which enters at
70°F with a Reynolds number of 1428. The
outer tube is 4 inches in inside diameter. the
core tube | inch in outside diameter. The tubes
are 150 in long. We seek the temperature at the
inner wall, the fluid mean temperature, and
the heat flux at the outer wall as functions of
axial position. The pertinent physical constants
are, r* = 025, D — 025 ft, Re Pr -~ 1000.

This problem will require the superposition
of Cases 3 and 4. Let us approximate the cosine

R. E. LUNDBERG, P. A. McCUEN and W. C. REYNOLDS

distribution by the steps shown in Case 16.
If &, is the value of X at which the step of heat
flux. ¢. . is applied, we will have the following:

&, 4., Dk o b)

0 1Y
0-005 100
0-015 90
0-035 90
0-045 10
0-050 !

We can obtain the inner wall temperature
from

1%y — 70 - 142 8% (%)

X (g, Dafky o (s (48)

En).

The summation is taken only of those steps for
which © = ¢&,. Similarly, the outer wall heat
flux is given by

142 P31 (%)

qu ('\.) g [.)’/ l 0o

N\
nd

( e Dy

Gon |, }CD.‘.;"M‘ Eu)l (49)

200 —
o
' D!
b
50 |-—- -~ /| - ]
L
. #L_F_ﬂ< -
o§f 100 |- -
5 |
T |
50 [~ S
| o
L o
I I T 2 T__,____t_.l_
o |
o 00 002 003 004 005
e _ xb,
X = e
RePr

F1G. 16. Cosine heat flux example.
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and the mean temperature by
taf%) = 70 4 142 62 (%)

+ 3 (0 ) 5 — )

These values are shown in Figs. 17 and 18.
As an example of the calculation consider the
axial station ¥ = 0-01:

t; =70 + (142) (0) -+ (10) (0-106)
+ (100) (0-0868)

(50)

t = 197°F
g, = (0-0146/0-25) [(142) (4-28)

— (10) (0-0004) — (100) (0)]
g = 609 Btu/h fi2

527

Notice that in this example, even though
heating is taking place at the inner wall, the
inner wall temperature is below the mean
temperature. This is due to the strong influence
of the hot outer wall.

2. Heat flux specified on both walls

This is a situation which could be set up experi-
mentally. The inner wall heat flux is essentially
constant at an arbitrary level but the flux at the
outer wall decreases with % since the heat loss
through the insulation increases with the wall
temperature.

The radius ratio is 0-376. The values of the
fundamental solutions were taken from cross
plots made up from Tables 13 and 14.

tm == 70 + (142) (0-225) The results of an asymmetrically heated run
+ (10) (0-008) (100) (0-004) are shown in Figs. 19 and 20. The wall heat
tm = 102-4°F, fluxes were approximately equal. The actual
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Fic. 18. Outer wall heat flux for first example.
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F16. 20. Comparison of predicted and measured surface temperatures in second exampie.

wall fluxes as they were measured (corrected for
radiation interchange and heat leak) are shown
in Fig. 19 together with the approximate
distributions chosen to represent them. A com-
parison of the actual and predicted temperatures
is shown in Fig. 20,

The fluid mean temperature is computed from

t(F) = 757 + 178 6 (%)

3 (q." Dfkn

where &, is the value of X for which the nth step
of heat flux is applied. Similarly

e (% — &) (5D

FAEY = {5 - 178 JE (X)) — 2 {F)]

- NAg. Duflon [0 (% -~ £q) - 82(X — &0)]

{52)
and
1 %) - Ll X) E(q;, Dyjlcyn [91,\:1‘ (,\'. — &)
= B - 6N TR B (X) — 651(D]. (53)

The summations include only those steps for
which ¥ >~ &
As a comparison the wall temperatures were
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caomnnted aceumine the wall fuxes were both
lel‘y MlLwu oo uull‘lé viiw YYEVAL ALlwennwid Viwiw v var

constant at their average values. This prediction
is shown as the dashed line in Fig. 20. While this
prediction represents the wall temperatures less

well than the multi-step approximation, it is

still reasonable since the actual axial variation
of the heat flux is not severe. Notice that
the constant flux prediction deviates from the

PPN iag myach AN a Aantar wall nanr tha

lllCdbulCU valuca 1uUdL UII l.hc VUl vwall, 1iial [#1{
step, where the actual wall flux is varying most
rapidly.
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Résumé—On présente ici une étude compléte du probléme thermique dans un écoulement en régime
permanent. Elle comprend I’évaluation de quatre solutions fondamentales dans les régions d’énergie
thermique par les solutions du probléme de valeurs propres comprenant le développement des
expressions asymptotiques pour les valeurs propres les plus élevées. Les résultats analytiques sont
bien vérifiés par leur excellent accord avec les mesures expérimentales soignées rapportées ici.
Cet article est le second d’une série qui termine quatre années d’études sur les échanges thermiques
dans les conduites annulaires.

Zusammenfassung—Es wird eine vollstindige Analyse des thermischen Problems in hydrodynamisch
ausgebildeter Stromung gegeben. Dies umfasst die Auswertung der vier Grundldsungen in den
thermischen Energiebereichen durch Lésung des Eigenwertproblems einschliesslich der Entwicklung
asymptotischer Ausdriicke fiir hohere Eigenwerte. Die analytischen Betrachtungen werden durch
ihre ausgezeichnete Ubereinstimmung mit den hier beschriebenen sorgfiltig durchgefiihrten Ver-
suchen bestitigt. Die Arbeit ist die zweite einer Reihe (1], die iiber eine vierjihrige Forschungstitigkeit

liber Wirmeiiberoane in Rineriumen berichtet
warmeuonergang in Kmgraumen oerichtet.

Annorauns—Jlaerca paspepHYTHI AHAJNM3 TEILUIOBOR 3ajgadu o THAPOMMHAMUMECKH TI0JI-

HOCTRIY DABUTOM ToUYSHDU sTTInTATATIIIINE W nfia
aUUISW pPAosaTUM TORCHHH, un.uxu1un}u_\1(llj B CeUA BRIYNHCJICHIS ‘1GAD.I.1JUA lyyﬂAdMUnld.ubnhu&

peHlPHI/IFI IJIA TernJaoBOI SHEePrHH NYTEeM PeiUeHUs 3aJa4Yd O COOGCTBEHHBIX sHaYeHuAx. Pas-
paGOTaHH ACUMITOTHYECKHE BHPaKEeHUA OJA co6CTBEHHBIX 3HAYCHUIH 60JBbLIETO IIOpAARKa.
Pacuernnie TaHHBE XOPOIIO COrNACYIOTeA ¢ Pe3yabTaTaMy THIATeIbHEIX OKCIIEPUM eHTAIIBEHEIX

M3MepeHult, PUBEJEHHHMUE B craThe. [IaHHAA pabora fBIAETCA BTOpPOM us cepun [1] u
BaBEPLIAET YeTHPEXJIETHEee MCCIAeNOBaHUE TEINIO06MEeHa B KOJBIEBHX KAHAJNAX.



